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Abstract 



It is shown that a generic bihamiltonian structure on an odd-dimensional manifold 
is flat if and only if it is locally unimodular. 

1 Introduction 

Two Poisson brackets are called compatible if any linear combination of them is a Pois- 
son bracket again. A pair of compatible Poisson brackets is called a Poisson pair, or a 
bihamiltonian structure. 

The notion of a bihamiltonian structure was introduced by F.Magri [l| and, indepen- 
dently, by I.Gelfand and I.Dorfman [2]. Bihamiltonian structures are strongly related to 
integrability. A vector field is called bihamiltonian if it is Hamiltonian with respect to 
both compatible Poisson structures. As it was shown by Magri, a bihamiltonian vector 
field automatically admits a large number of integrals. And vice versa, most of the known 
integrable equations coming from physics are bihamiltonian (see [3H5[ and relevant ref- 
erences therein). By this reason, bihamiltonian structures have become one of the most 
active research directions in mathematical physics of the last three decades. 

While bihamiltonian structures naturally appear in mathematical physics, they can be 
viewed and studied as a purely geometrical structure. In this context, a natural question is 
whether or not two compatible Poisson brackets can be locally brought to a constant form 
simultaneously, as it is always possible for individual Poisson brackets. Besides being very 
natural from the geometric viewpoint, this problem is important for integrable systems, 
since coordinates where both brackets are constant serve as canonically conjugate variables 
for bihamiltonian systems. 

Differential geometry of bihamiltonian structures has been actively studied in the last 
twenty years. Main results in this field belong to I.Gelfand and I.Zakharevich and 
F.-J.Turiel jllHIi- 
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A bihamiltonian structure (V, Q) is called flat if V and Q can be simultaneously locally 
brought to a constant form. 

In bihamiltonian geometry, one needs to distinguish between the even and the odd- 
dimensional case. The reason for this comes from linear algebra. A generic skew-symmetric 
form on an even-dimensional vector space is non-degenerate. For two non-degenerate Pois- 
son brackets V and Q, one can define the recursion operator R = VQ^ 1 . Clearly, if the 
structure (V, Q) is flat, then th e eig envalues of R must be constant. The converse is also 



true, as it was proved by Turiel [121 ]. 



In odd dimension, the situation is different. Any two generic pairs of forms on an 
odd-dimensional vector space are equivalent. So, generic odd-dimensional bihamiltonian 
structures have no algebraic invariants, and the obstruction to flatness is of geometrical 
nature. A beautiful theorem by Gelfand and Zakharevich @,0] established an isomorphism 
between the theory of odd-dimensional bihamiltonian structures and the theory of Veronese 
webs, closely related to classical Blaschke webs. By the Gelfand- Zakharevich theorem, a 
bihamiltonian structure is flat if and only if the associated web is trivializable. 

Note that to pass from a bihamiltonian structure (V, Q) to the associated Veronese 
web, one needs to describe Casimir invariants of V + XQ. There is an existence theorem 
for Casimir invariants, but there is no general recipe how they can be found. In general, 
this involves solving partial differential equations. Moreover, checking that a Veronese web 
is trivializable is also a non-trivial procedure. By these reasons, verifying that a given 
bihamiltonian structure is flat becomes very complicated. 

In the present paper, the following simple flatness criterion is proved: a generic odd- 
dimensional bihamiltonian structure (V, Q) is flat if and only if it is locally unimodular, 
i.e. there exists a local volume form which is preserved by all 'P-Hamiltonian vector fields 
and all Q-Hamiltonian vector fields. This condition reduces to solving a system of linear 
algebraic equations. The bihamiltonian structure of the periodic odd-dimensional Volterra 
lattice is considered as an example. 

2 Poisson brackets and invariant volume forms 

A Poisson bracket on a finite-dimensional manifold M is a binary operation { , } on C°°(M) 
which 

• turns C°°(M) into a Lie algebra, i.e. it is bilinear, skew-symmetric and satisfies the 
Jacobi identity; 

• satisfies the Leibniz rule: {f,gh} = {f,g}h + g{f,h}. 
Each Poisson bracket is given by 
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where V is a bivector called a Poisson tensor. Formula (pQ) defines a Poisson bracket if and 
only if the bivector V satisfies 

[P,V] = 0, 

where [ , ] denotes the Schouten bracket. 

In the further text Poisson brackets and corresponding Poisson tensors are not distin- 
guished. Poisson brackets and tensors will be denoted by the calligraphic letters V, Q. 

Recall that by the Darboux theorem any Poisson bracket can always be brought to a 
constant form in a neighbourhood of a generic point. 

Let V be a Poisson bracket on M. A vector field v on M is said to be Hamiltonian 
with respect to V if it can be written as 

for an appropriate H € C°°(M). 

A volume form u is invariant with respect to a Poisson bracket V if is preserved by all 
vector fields which are Hamiltonian with respect to V . A Poisson bracket which admits an 
invariant volume form is called unimodular. 

Example 1. Suppose that V is a non-degenerate Poisson bracket on M 2n , i.e. "P -1 is a 
symplectic structure. Then the volume form 



UJ 



A n ('P _1 ) (2) 



is invariant with respect to V. Any other "P-invariant volume form is different from ([2]) by 
a constant factor. 

It follows from the Darboux theorem that any Poisson bracket is locally unimodular in 
a neighbourhood of a generic point. Globally, this is not necessarily the case (l6j |. 

Proposition 1. Let V be a Poisson bracket on a manifold M n . The volume form 

f dx 1 A • • • A dx n 

is invariant with respect to V if and only if 

df dV ij 
dxj dxi 

3 Pairs of forms on a vector space 

Let V be a finite-dimensional vector space. Consider the space A 2 (V*) of bilinear skew- 
symmetric forms on V. Let 

A m = {A € A 2 (V*) | corank^ = m}. 
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Proposition 2. For m = dimV (mod 2), the set A m C A 2 (V*) is a smooth submanifold 
of codimension 

m(m — 1) 
codimA m = . 

Remark 1. For m ^ dimF (mod 2), the set A m is empty, because the rank of any skew- 
symmetric form is even. 

Remark 2. Note that the codimension of A m coincides with the dimension of A 2 (Ker A) 
where A G A m . One can show that the conormal bundle of A m is isomorphic to the second 
exterior power of the bundle of kernels over A m . 

To prove Proposition [21 note that A m is a homogeneous space of GL(V), and count the 
dimension of a stabilizer. 

Say that a skew-symmetric form is singular if its rank is lower than maximum possible. 
Proposition [2] implies that the set of singular forms has codimension one if dim V is even, 
and codimension three if dim V is odd. This circumstance is the reason for the difference 
between the even and the odd-dimensional bihamiltonian geometry. 

Proposition 3. Let V be an odd- dimensional vector space, and let 

n(V) = A 2 (V*) x A 2 (V*) 

be the space of pairs of forms on V. Let also Qq(V) C fJ(V) be the set of pairs A,B such 
that 

dim Ker (/z4 + = 1 (3) 
for all (/x, v) S C 2 \ {0}. Then Qq(V) is an open dense subset ofd(V). 
The proof immediately follows from Proposition [2j 

The following statement follows from the Jordan-Kronecker theorem which provides a 
canonical form for two skew-symmetric forms on a vector space [It], Gil ■ 

Proposition 4. Let V 2n+1 be an odd- dimensional vector space. Suppose that A, B are 
bilinear forms on V which satisfy (G^. Then there exists a basis e\, . . . ,e2 n +i in V such 
that 



A = ^e i A e n+ \ B = ^e i f\ e n+i+1 . 



i=i i=i 



So, a generic pair of skew-symmetric forms on an odd-dimensional vector space has no 
invariants. In even dimension, such invariants are given by the eigenvalues of A _1 B. 
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4 Bihamiltonian structures and the main theorem 



Definition 1. Two Poisson brackets V and Q are compatible if fj,V + vQ is also a Poisson 
bracket for any fi, v € C A pair of compatible brackets is a bihamiltonian structure. 

The non-trivial condition is that \iP + vQ satisfies the Jacobi identity. For two Poisson 
brackets V and Q to be compatible, it is enough to require that V + Q is also a Poisson 
bracket. The compatibility condition for V and Q can be written as 

[V, Q] = 0, 

where [ , ] denotes the Schouten bracket. 

Now let M 2n+1 be an odd-dimensional manifold. 

Definition 2. A bihamiltonian structure (V, Q) on M 2n+1 is generic at xq G M 2n+1 if 

dim Ker (nV(x ) + vQ{x Q )) = 1 (4) 

for all GC 2 \{0}. 

By Proposition [3l if a bihamiltonian structure is generic at xo, then it is also generic 
in a sufficiently small neighbourhood of xq. 

Remark 3. Here we follow the terminology of @, 0|. Alternatively, bihamiltonian struc- 
tures satisfying ([3]) are called Kronecker structures of corank one. 

Bihamiltonian structures satisfying @ are generic in the sense that their restriction to 
T* Q M 2n+1 is a generic pair of forms, see Proposition [3j It is also true that bihamiltonian 
structures satisfying @ form an open subset in the space of all bihamiltonian structures. 
However, it is not clear whether or not this subset is dense. 

Definition 3. A bihamiltonian structure (V, Q) is flat in the neighbourhood of xq if there 
exists a local coordinate system where both tensors V and Q have constant coefficients. 

Remark 4. By Proposition HI any flat generic bihamiltonian structure on M 2n+1 can be 
locally brought to the form 

~ 2^ Q x i dx n+i an ~ ^ dx { dx n+i+l ' 

i=l i=l 

so there is only one generic bihamiltonian structure in each odd dimension, up to a local 
diffeomorphism. 

Definition 4. A bihamiltonian structure (V, Q) is unimodular if there exists a volume 
form u which is invariant with respect to both V and Q. 
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Theorem 1 (Flatness criterion). Let (V, Q) be a bihamiltonian structure on M 2n+1 . Sup- 
pose that (V, Q) is generic at xq € M 2n+l . Then (V, Q) is flat in the neighbourhood of xq 
if and only if it is locally unimodular. 

The proof is based on the following lemma. 

Lemma 1. Let V be a Poisson tensor on an odd- dimensional manifold M 2n+1 . Let also 
uj be a volume form which is invariant with respect to V . Consider the isomorphism 

uj: A 2n (TM) -> T*M 

given by contraction with w, and let 

a = uj(A n V). 

Then 

1. a belongs to the kernel ofV. 

2. a is closed. 

Proof of lemma. Without loss of generality, we may assume that the rank of V is locally 
constant. At other points the lemma is true by continuity. 

If rank"P < 2n, then a = 0, so it is closed and belongs to the kernel of V . Assume that 
rankT 7 = 2n. Find a coordinate system where 

d 9 
V = > -^—r A 



^— ' dx l dx n+l 
i=i 

By Proposition [H the invariant volume form u reads 

uj = f(x 2n+1 ) dx 1 A • • • A dx 2n+1 , 

therefore 

a = f(x 2n+1 )dx 2n+ \ 

so Va = 0, and da = 0, q.e.d. □ 

Proof of Theorem 1. The "only if" part is obvious, since if V and Q are constant, the 
volume form dx 1 A • • • A dx 2n+1 is invariant with respect to V and Q. 

Prove the "if" part. Suppose that there exists a volume form oj invariant with respect 
to V and Q. Consider the isomorphism 

uj: A 2n (TM) -> T*M 
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given by contraction with u), and let 

q(A) = Q(A n (V + AQ)). 
This form is a degree n polynomial in A. By Lemma [H 

(V + XQ)a(X) = 0, 

and a(A) is closed for any A. Also note that a(A) 7^ for any A, since a(A) is zero only if 
dimKer (V + XQ) > 1. 

So, there exists a family of functions F(X) such that dF(A) = a(A). This family has 
the following properties: 

1. F(X) is a Casimir function of V + XQ for any A, i.e. (V + AQ)dF(A) = 0. 

2. cLF(A) + for any A. 

3. F(X) is a degree n polynomial in A. 

Families satisfying these properties are known as polynomial A-Casimir families. It is 
known that a generic bihamiltonian structure which admits a polynomial A-Casimir family 
is flat, see [8fl for the analytic case and [13(] for the C°° case. So, the structure (V, Q) is 
flat, q.e.d. □ 

The following statement shows how the condition of Theorem 1 can be checked. 

Proposition 5. Let (V,Q) be a bihamiltonian structure on M 2n+1 . Suppose that (V,Q) 
is generic at xq E M 2n+1 . Consider the following overdetermined system of equations. 

dV ij 
dxi 

(5) 

V 

Then 

1. If (0j is solvable with respect to a, then the solution is unique. 

2. The bihamiltonian structure (V, Q) is locally unimodular if and only if |5)) is solvable 
with respect to a, and da = 0. 

3. If (0j is solvable with respect to a, and da = 0, then the volume form 

is invariant with respect to V and Q. 
The proof follows from Proposition [TJ 



V ij aj + ^— = 0, 
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5 The Volterra lattice 



In this section, lower indices are used for coordinates, and no summation over repeating 
indices is assumed. 

Consider the bihamiltonian structure of the periodic Volterra lattice [H, This 
structure is given on lR n by 

"Pij = ~ di,j+l)%i x j ■> 

Qij = - 6i J j + l)x i Xj(x i + Xj) + Si +2 jXiX i+1 X i+ 2 - 5i-2jXiXi^iXi-2, 

where all indices are modulo n, so that n + 1 = 1 etc. 

If n is odd, the structure © is generic almost everywhere. A simple computation shows 
that (JSJ) is solvable, and the solution is 

3 ^— v dxi 

a = — > . 

2^ Xi 

This form is closed, so the structure (jSJ) is flat. The form 

u = [x\ . . . x n )~ 3 ^ 2 dxi A • • • A dx n 

is invariant with respect to V and Q. 

Note that it is possible to find flat coordinates for (jSJ) explicitly, using the algebro- 
geometric approach 21, 
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